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Mechanical and thermal buckling analysis of rectangular functionally graded plates with initial geometric
imperfections is presented in this paper. It is assumed that the nonhomogeneous mechanical properties vary linearly
through the thickness of the plate. The plate is assumed to be under three types of mechanical loadings, namely,
uniaxial compression, biaxial compression, and biaxial compression and tension; and two types of thermal loadings,
namely, the uniform temperature rise and nonlinear temperature gradient through the thickness. The equilibrium,
stability, and compatibility equations are derived using the third-order shear deformation plate theory. Resulting
equations are employed to obtain the closed-form solution for the critical buckling load for each loading case. The
results are compared with the known data in the literature.

Nomenclature

a,b = plate length and width

E(2),E. E, = elasticity modulus of FGM, ceramic and
metal

F.,F, = in-plane edge forces

F = critical buckling force along the x-
direction

h = plate thickness

K(2), K., K, = thermal conductivity of FGM, ceramic and
metal

m, n = number of half waves in x- and y-
directions

Ny, M;, P;, Q;, R; = stress resultants

R = load ratio

T = temperature

U, v, w = displacement components

w* = initial imperfection

X, ¥, 2 = rectangular Cartesian coordinates

a(z), a,, a,, = coefficient of thermal expansion of FGM,
ceramic and metal

Yiys Yeor Vaz = shear strains

AT, = critical buckling temperature change

€, €, = normal strains

wo = imperfection coefficient

v = Poisson’s ratio

0y O, = normal stresses

Orys Oz Oy = shear stresses

L

ANY investigations are carried out on the subject of
mechanical and thermal buckling of structures. Development
of new materials, such as functionally graded materials (FGMs),
have necessitated more research in this area. Functionally graded
materials are new materials with heterogeneous/isotropic properties
mainly designed to withstand high thermal stresses. Javaheri and
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Eslami reported mechanical and thermal buckling of rectangular
functionally graded plates (FGPs) based on the classical plate theory
(CPT) [1,2]. They used energy method and presented the closed-
form solutions. They have also investigated thermal buckling of
FGPs based on the higher-order displacement field [3]. The buckling
loads are derived by solving the system of five stability equations.
Motivated by Javaheri, Lanhe studied thermal buckling of
moderately thick rectangular FGPs based on the first-order shear
deformation theory (FSDT) [4]. He established a single stability
equation and derived a closed-form solution for critical buckling
temperature. Najafizadeh and Eslami studied the thermoelastic
stability of circular functionally graded plates [5,6]. In the preceding
references, perfect plates are considered.

The initial geometrical imperfections are inherent in many real
engineering structures. Therefore, many researches are conducted on
the stability analysis of imperfect structures. Brush and Almroth have
presented the effect of initial imperfections on the critical buckling
load of structures [7]. Elastic, plastic, and creep buckling of imperfect
cylindrical shells under mechanical and thermal loads is studied by
Eslami and Shariyat [8]. Mossavarali et al. studied the thermoelastic
buckling of isotropic and orthotropic plates with initial imperfections
[9,10]. Murphy and Ferreira have presented the thermal buckling
analysis of clamped rectangular plates based on the energy
consideration [11]. They determined the ratio of the critical
temperature for a perfect flat plate to the one for an imperfect plate as
a function of the initial imperfection size. The study includes
analytical as well as experimental results. Eslami and Shahsiah
reported the thermal buckling of imperfect circular cylindrical shells
based on the Wan-Donnell and Koiter imperfection models [12]. The
stability analysis of perfect FGPs has been presented by Shariat and
Eslami based on the FSDT [13]. Shariat et al. reported the buckling of
imperfect functionally graded plates under in-plane mechanical
loading based on the classical plate theory [14]. Recently, the present
authors have studied thermal buckling of such plates based on the
classical and the first-order shear deformation theories [15,16].

The present article develops the thermal and mechanical buckling
analysis of imperfect functionally graded plates on the basis of the
third-order shear deformation theory (TSDT). The plate is graded
linearly through the thickness direction. The boundary conditions are
assumed to be simply supported. A double-sine function for the
geometric imperfection along the x- and y-directions is considered.
Using a suitable method, equilibrium equations are reduced from five
to two equations. The corresponding stability equations are
established. Using these equations, accompanied by the
compatibility equation, yields the buckling loads in a closed-form
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solution for each loading case. The results are validated with the
known data in the literature.

II. Fundamental Equations

Consider a rectangular functionally graded plate of length a, width
b, and thickness #, referred to the rectangular Cartesian coordinates
(x,y,z). We assume that the overall material properties of the plate
vary linearly with respect to the thickness coordinate z(— g <z=< 151
as [2]

2z+h

Pr(z) = Pr,, + Pro, | ——

) Prz:)n:Prc_Prm (1)

where Pr denotes a material property of FGP with subscripts m and ¢
referring to the metal and ceramic constituents, respectively. The
variation of modulus of elasticity E, the coefficient of thermal
expansion «, and the coefficient of heat conduction K of FGP across
the thickness of the plate are assumed to be of the form given by
Eq. (1). The materials are assumed to be isotropic. The Poisson’s
ratio v is considered to be constant.

The third-order shear deformation theory, used in the present
study, is based on the following displacement field [17]:

473
u(x,y,z) = uy + zu; — 575 (U + w )
3h
. @
4z

v(x,y,2) = vy + 2V, _W(vl + wy,), w(x,y,z) = wy
Here, u, v, and w are the total displacement components along the x-,
y-, and z-directions, respectively, 1, vy, and w, are the middle plane
displacements, and u; and v, are the rotations about the y- and x-
axes, respectively. The parameters u,, vy, wy, u;, and v; are all
functions of x and y variables. The general stain-displacement
relations are [7]

Substituting Egs. (2) in Eqs. (3) gives the kinematic relations as [3]

€ € K ke
o= |+l B+ K
Viy Yoy kS, kzy @)

= +z
()=05)+=(k
where

1,2
Uy x + 2 w(),x
— 1,2
- oy +3Woy

uo.y + UO,x + wO,wa,y

)

()= (o)
)
)

Uy x

= Uiy ®
ul_y + Vx

_ (;*?('41 + wO.x))
= (v + wy,)

—4
k)zr ﬁ (Ml,x + w(),xx)
k% = . B (vhy + wO-yy)
kacy 3_7(“1.)' + Ul x + 2w0,xy)

The stress resultants N;, M;, P;, Q;, and R; are expressed as [3]

h/2
(NisMisPi):/ 0i(l,z,2%) dz i=x,y,xy
2
h/2 (6)
(inRi):/ Uiz(l,Zz)dZ i:x,y
2

—h/

Using the Hooke’s law together with Eqs. (1), (4), and (6) gives the
constitutive relations as [3]

1
(NX’MX’Px) = m[(E17E27E4)(62 + Ve?') + (E2’ E%ES)(kg
+ Vk9) + (E4, Es, E7) (k2 4+ vi2) — (1 +v) (91, 2, h4)]
1
(Ny, M, P)) = m[(ElaEz’EO(Gg +ved) + (Ey, Es, Es) (k)

+ Vk0) + (E4, Es, E7) (k2 4+ vk2) — (1 +v) (91, 2, 94)]

1
(N‘()”MX}"PX)') = 2(1 + l)) [(E17E29E4)y)(c)_v + (EZ’ES’ ES)kgy
+ (Ey, Es, E7)K2)]
1
,R)=—[(E|, E;))" E;, Es)kL.
(O, R,) 2(1—|—v)[( 1 E3) Ve + (Es, Es)ky]
1
(Qy,R,) = m[(El,Eﬁ)’_?z + (E5. Es)ky.] (7
where
E — E h + E(T}'ﬂh E — E(,Wl}l2 E — Emh3 + Ecmh3
Lo 2 ) T2 24
g _Enh' L BN Egh L E
*780 >80 160 67 448
Emh7 EL‘Illh7
E, = —om=_
448 896

/2

(¢17 ¢27 ¢3’ ¢4) = / 2(1’ 2, ZZ’ Z3)E(Z)U(Z)AT(X’ Y, Z) dZ

—h/

®)

Also, the equilibrium equations of a perfect functionally graded plate
based on the third-order shear deformation theory are [3]

Nx‘x + ny,y =0 ny.x + Nyy =0
4
Qx.x + Qy,y - ﬁ (Rx,x + Ry,y) + W (Px«vx + 2ny,xy + Py,yy)

+ Ny Wo e + 2N W oy + Nywg ,, =0 ©9)

4 4
Mx,x + Mxyuy - Qx + ﬁRx - W(Px,x + ny.y) =0

4 4
My +M,,—0,+ ﬁRy T3 (wa + Pw) =0

Using Egs. (§) and (7), and assuming that the temperature variation is
either linear with respect to x- and y-directions, or constant, the
equilibrium Egs. (9) may be reduced to a set of two equations as

4
DVZ(MLX + vl.y) - WBV4wO + waO,xx + 2nyw0‘xy + NywO‘yy
=0
4 , 4 .,
Eve EVi(uy,+vy,) — WCV W |+ Fluy, +v1,) + F(wo
+ wO.yy) + waO,xx + 2nyw0.xy + NywO.yy =0
10)

where
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A:EIES_E% B:EIES_E2E4 C:E1E7_EZ
(1 —V)E, (1 =V?»)E, (1 —V)E,
4 4
D=A--——B E=B—-——C
3n2 302
1 8 16
F=—|E E E
2(1+v)(' et 5)
an

For a geometrically imperfect plate, let w*(x, y) denote a known
small imperfection. This parameter represents a small deviation of
the middle plane of the plate from a flat shape [18]. To consider the
imperfections, the equilibrium Eqgs. (10) are modified as

4
WBV4wO + Nx(wO,xx + w*xx) + 2ny(w0.xy

+ wify) + Ny(woy,v + w.*yy) =0

DV*(u, , +v;,) —

4 4

3h? 3h?
+ wO,yy) + Nx(w(),xx + wicx) + 2ny(w0,xy + wfx’y) + Ny(w(),yy
+wyy) =0

|:EV2(1414X +vp,) — cv? w0:| + F(uy, + vy,) + F(wp

(12)

The stability equations of the plate may be derived by the adjacent
equilibrium criterion [7]. Assume that the equilibrium state of the
FGP under mechanical or thermal loads is defined in terms of the
displacement components u°, v°, and w®. The displacement
components of a neighboring stable state differby ', v', and w' with
respect to the equilibrium position. Thus, the total displacements of a
neighboring state are

u=u’+4u' v=1" 4! w=uw’+w' (13)
Similarly, the force resultants of a neighboring state may be related to
the state of equilibrium as

N,=N'+N'  N,=N'4+N!' N, =N, +N, (14
where N, N}, and N}, represent the linear parts of the force
increments corresponding to u', v', and w'. The stability equation
may be obtained by substituting Eqs. (13) and (14) in Eqs. (12). We
assume that the temperature variation is either linear with respect to
x- and y-directions, or constant. Upon substitution, the terms in the
resulting equations with superscript O satisfy the equilibrium
condition and therefore drop out of the equations. Also, the nonlinear
terms with superscript 1 are ignored because they are small compared
to the linear terms. The remaining terms form the stability equations
as

4

DVZ(M},X + U}.y) - Wsztw(l) + Ngw(l),xx + ZN)(C)_Vw(l),xy + Ngw(l)y\
+Nl(w0‘()(+ w,\x) +2
=0

(w0xv +wx») +Nl(w0w+wn)

4
3h2 |:Ev2(ulx+vl\) 3h2

+wh,y) + NEWY 4 wh) + 2N (Wl + why) + Ny(wg
+ w*)‘) + N)?w(l),,\x + 2N0 wO,\) + NOwO yy =0

Cv4w0i| + F(ul X + vl)) + F(w()xx

15)

The superscript 1 refers to the state of stability and the superscript O
refers to the state of equilibrium conditions. A stress function ¢ may
be defined as [10]

N\l) = q).xx N\I'y

Ni=9o,,

P Yy

-0 (16)

Xy

Substitution of Egs. (16) in Eq. (15) leads to

4
DV*(ul  + v}_y) — WBVAW(]J + Nowj ., + ZN)?},w(luy + Ngw(l)‘yy

+ CD.)’}'(wg,x,\' + w.xx)
+wi,) =0

- 2®,x)'(w8,xy + w,t()) + cb.xx(wg.yy

4 4
3/’12 [Evz(ulx + UI x) 3/12 Cv4w0] + F(M] X + vl x) + F(wOm

+ w(l),yy) + q>,)'y(w8,xx + wtc)») -29 xv(ngv + w*ry)
+ @ (g, + why) + Nowg ., + 2N wg,, + Nywg =0
an

The compatibility equation of the imperfect FGPs may be written as
[14.15]

_V4q> Zw(m(wo)[V +wh,) + wOU(wO” + wi,)
+ wO.yy(wO,xx + w*xx) =0 (18)

The stability Egs. (17) and the compatibility Eq. (18) establish a set of
three differential equations with three incremental variables wé, o,
and (u} , + v} ), which are used to obtain the buckling loads of
imperfect FGPs. The terms with superscript 0 in these equations are
substituted by the corresponding values obtained from the
equilibrium Egs. (12).

III. Mechanical Buckling Analysis

The simply supported plate is assumed to be under in-plane edge
loads F, and F,, uniformly distributed along the edges x = 0, a and
y =0, b, respectively. The boundary conditions are defined as [1]

w=M,=0 onx=0,a w=M,=0 ony=0,b (19)

The prebuckling resultant forces are [1]

. F,
Ny=—7%  Ny=-— Ny=0 (20)
The imperfections of the plate, considering the boundary conditions,
are assumed as [7,18]

nwy

mmx
w* = ph sin——sin—-—
a

b mn=12,... (21)

where the coefficient p varies between 0 and 1 and ph represents the

18 T T T T T T T

16f ]
b/h = 40

14l w=0.25

12f ]

2
a/b
Fig. 1 Buckling load of imperfect FGPs under uniaxial compression
(R = 0), biaxial (R = 1), and biaxial compression and tension (R = —1) vs
aspect ratio, based on the third-order shear deformation theory.
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imperfection size. Also, m and n are the number of half waves in x- and y-directions, respectively. To find the prebuckling deflection w, appeared
in Eqgs. (17) and (18), the following approximate solutions are assumed which satisfy both the equilibrium Eqgs. (12) and the kinematical boundary
conditions:

o_ o MaTX . NIy 0o 0 MaX  nwy o o MTX . NIy

U = Uy, c0S——sin—- V] = V), sin——cos —— Wy = Why,, Sih——sin—= mn=12,... (22)
a b a b a b

Substituting Egs. (20-22) in the equilibrium Eqs. (12), w] is obtained as

w() _ /’Lh(F /b)Gmn[l + (DGmn/an)] sin miywx sin@ (23)
O DG/ Qui)IF Gy + (16C/91*)G}, — (F,/D)GR,] + (4B/307) G, — (F /)G, a b
where
mi\? nm? " mm\? nm? 4 F,b
= (== el =(ZE) +r(E =F--——E R="2 24

Here, R is anondimensional load parameter. The plate is under biaxial compression, when R is positive. Itis subjected to the uniaxial compression
along the x-axis, when R = 0. Negative values of R indicate compression and tension along the x- and y-directions, respectively. Substituting
Egs. (20), (21), and (23) in Egs. (17) and (18) yields a set of three differential equations with three incremental variables w), ®, and (u} , + v}.y).
To solve this set of equations, similar to the case of prebuckling analysis, we assume the following solutions [3]:

MuX . nwy . mmx  nwy mmx . nmwy mmx | nmwy

1 — — —
ul = ul, cos——sin— v} = v}, sin——cos—= w = wh, sin——sin—- ¢=7,,sin—-sin—-
a b a b a b a b (25)

mn=12,...

Substituting the approximate solutions (25) into Eqs. (17) and (18) results in three nonzero residues R, R,, and R3. According to the Galerkin
method, the residues are made orthogonal with respect to the assumed approximate solutions as [19]

a b
//Rlsln—sm—dxdy 0 //stm—sm—dxd =0 //Rﬁinwsin@dxdyzo (26)
b b 0 0 a b

The determinant of the system of Eqs. (26) is set to zero, which results into the buckling load value

bG%ln{(D/QﬁlVl)[F + (16/9h4)CGmn] + (4/3h2)B} + b(Imn)]/3

F,= 27
GE 1L+ (DG / Q)] @7
where
1024E,(Q,,, + DG,,m)mznij“pLzthzm,l D 16 4 2
= F CcG —B 28
'"" 90 ma'b" 0 \F g €0 ) 332 @)

Note that these equations are derived for odd values of m and n. If either values of m or n are even, the system of Eqs. (26) results into the trivial
solutions, which is unacceptable. The critical buckling force, F ., is the smallest value of F', for the given values of the load ratio R and the aspect
ratio a/b. Setting u = 0, the imperfection term /,,, vanishes and Eq. (27) is reduced to the buckling load of a perfect FGP.

IV. Thermal Buckling Analysis
A fixed-simply supported FGP is assumed to be under thermal loading. The edge conditions are [2,3,20]

u=v=w=M,=0 onx=0,a u=v=w=M,=0 ony=0,b (29)
The prebuckling resultant forces are defined as [2,3,20]

N2=—1¢]v N§?=—1¢]v NO, =0 (30)

where thermal parameter ¢, is defined by the last of Eqgs. (8). Substituting Egs. (21), (22), and (30) in the equilibrium Eqs. (12), the prebuckling
deflection w) due to the thermal load is obtained as

W0 = DI G F G + (16C/91)Goy — 1/ (L= 0)[Go} + GBADIC o~ =" @ "5 Gb

Similar to the solution procedure of the preceding section, substitution of Egs. (21), (30), and (31) in Eqs. (17) and (18) yields a set of three
differential equations with three incremental variables w}, ®, and (u} , + v} ). The approximate functions, given by Eqs. (25), are substituted
into Eqgs. (17) and (18), and the residues are made orthogonal similar to Eqs. (2_6). Finally, the unknown thermal parameter ¢, , which corresponds
to the nontrivial solution of the system of Eqgs. (26), is obtained as

T+ (DGy/ Orr) 2

¢ =

where
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_ 1024E,(Q,, + DG, )ym*n’m* 2 h? [ D (F L 16

mn = 9G,,,Q,ma*b* O on*

4 2
CG,, ) +-—B (33)
an ) ]

3n?

A. Uniform Temperature Rise

The plate initial temperature is assumed to be 7;. The temperature is uniformly raised to a final value 7' in which the plate under the assumed
boundary conditions (29) buckles. The temperature change is AT = T — T;. Using Egs. (1), (8), and (32), the buckling temperature change is
obtained as

— (1 - U)Gmn{(D/an)[F + (16/9h4)CGmn] + (4/3h2)B} + (1 — v)(lmn)l/3

AT L[l + (DG / Q)]

(34)

where

Emacm + E(?mam E(?ma
+

L=E
mam+ 2 3

cm (35)

The critical buckling temperature change, AT,,, is the smallest value of AT for various values of m and n. This value is obtained when m = 1 and
n = 1. Therefore,

AT — (1 =G {(D/O)IF + (16/9h*)CG ] + (4/3h*)B} + (1 —v)(I;))'? (36)
o L[l + (DG, /Qn)]

where I, using Eq. (33), is defined as

1024E,(Q, + DG )7*u?h> [ D 16 4 2
= — | F+—5CG —B 37
. 9G1 Qb AT T en
Setting 1 = 0, Eq. (36) is reduced to AT, for a perfect functionally graded plate.
B. Nonlinear Temperature Change Across the Thickness
The steady-state heat conduction equation and the boundary conditions are
d dTr h h
—| K — =0 T=T. =, T:Tm = _—_ 38
& ( (2) dz) ) z 3 (38)

where T, and 7, are the temperatures of ceramic-rich and metal-rich surfaces, respectively. Using Eq. (1), the heat conduction equation becomes
a function of z. The solution is obtained as

ATr Z:iooo{[_(rl(un/](m)]n/(n + 1)}

T(r) =T, + =il 39
” S A Ko/ K] (1 + 1)} %9)
where AT =T, —T,, and
22+ h
) “0)

Considering the temperature distribution expressed by Eq. (39), and using Egs. (1), (8), and (32), the critical buckling temperature change across
the thickness is defined as

AT — HG {(D/Q)IF + (16/9h*")CG,,] + (4/3h*)B} + H(I,;)"?
Cr 14+ (DG/0n)

(41)

where I, is defined by Eq. (37) and

(1 —v) Y==K/ KN/ (n + D}

= 2= Ken /KD (0 + DHIE, 0,/ (n + 2] + [(Enen + Ecntn)/(n + 3] + [Ecpten/(n + 4]}

(42)

V. Result and Discussion

The mechanical and thermal buckling loads of rectangular imperfect functionally graded plates, based on the third-order shear deformation
theory, are obtained in closed-form solutions for the assumed types of loading and are represented by Eqgs. (27), (36), and (41). These equations
indicate that the buckling load values of an imperfect FGP is affected by the imperfection term /,,,,,, or I, for the case of first buckling mode, which
causes an increase in the buckling load values. Investigation of Eqs. (28) and (33) reveals that the imperfection term directly depends upon the
imperfection coefficient w. It is also affected by the material and geometrical properties of a functionally graded plate. The fact that the thermal
buckling load of a plate is increased by the existence of geometrical imperfections is fully explained by Murphy and Ferreira [11]. The perfectly
flat plate undergoes a symmetric pitchfork bifurcation at the buckling temperature. In contrast, the imperfect plate develops an asymmetric
secondary state by means of a saddle-node bifurcation at the higher temperature [11]. This behavior also exists in the case of in-plane mechanical
loading. The present study confirms this behavior for the functionally graded plates for both mechanical and thermal loads. As an example, we
consider an imperfect ceramic-metal FGP that consists of aluminum and alumina with the following properties [1,2]:

E,=70GPa  a, =23¢"° K, =204 W/mK  E, =380 GPa a, =7.4e° K. =10.4 W/mK v=03 43)
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—-o- CPT
25+ —— TSDT
R=0
a/b =05
2 nu=0.25
X 15¢
1 L
0.5r
oo o—oe0 % . .
0 0.05 0.1 0.15 0.2

h/b
Fig. 2 Buckling load of imperfect FGPs under uniaxial compression vs
relative thickness, based on the third-order shear deformation theory
and the classical plate theory [14].

Fxcr (N)

a/b
Fig. 3 Buckling load of FGPs under uniaxial compression vs aspect
ratio and imperfection coefficient, based on the third-order shear
deformation theory.

Because the transverse shear deformations are considered in this
study, the assumed plate is not necessarily thin and may be a
moderate thick plate. In the case of in-plane mechanical loading, for
the given values of the load ratio R and the aspect ratio a/b, the
values of m and n in Eq. (27) may be chosen by trial to give the
smallest value of F, called F,. These values are obtained by a
suitable software. When R = 1, the critical buckling load for all

SAMSAM SHARIAT AND ESLAMI

2000, T T T T T T
1800} —— Uniform Temp. Rise ]
—&— Non-linear Temp. Change

1600} Across the Thickness |

b/h =20

1400 1= 025
1200} J
10001 1
800+ J
600] i
400t 1
200t T
8.5 1 1.5 2 25 3 3.5 4

a/b
Fig. 4 Buckling temperature change of imperfect FGPs under uniform
temperature rise and nonlinear temperature change across the
thickness, vs aspect ratio, based on the third-order shear deformation
theory.

aspectratios corresponds to m = 1 and n = 1, which is the first mode
of buckling. When R = 0 and —1, the critical buckling mode changes
as the aspectratio a/b is increased. In these cases n = 1, but the value
of m depends upon the aspect ratio a/b. Figure 1 illustrates the
variation of the critical buckling load F,., vs the aspect ratio a/b,
under different types of in-plane mechanical loading based on the
third-order shear deformation theory. The side-to-thickness ratio b/ h
and the imperfection coefficient  are assumed to be 40 and 0.25,
respectively. In general, the buckling load decreases by the increase
of the aspect ratio a/b from 0.2 to 4. In the case of biaxial
compression R = 1, the graph is smooth due to the unchanged
buckling mode. As expected, the buckling load of the plate under
uniaxial compression is greater than the one under biaxial
compression and less than the one under biaxial compression and
tension. Variation of F,. vs the relative thickness h/b is
demonstrated in Fig. 2, using the third-order shear deformation
theory (TSDT) and the classical plate theory (CPT) [14]. The
imperfect plate is considered to be under uniaxial compression. It is
observed that the buckling load is increased by the increase of the
relative thickness i/b. The value of F,. obtained from the third-
order shear deformation theory is lower than one from the classical
plate theory. The difference between two theories is considerable for
thicker plates (/b > 0.1), but it may be neglected for thin plates.
Figure 3 shows the effect of imperfection coefficient on the critical
buckling load values. As seen, F,, increases by the increase of u
from O to 0.75. The increase of F ., from p = 0to p = 0.25 is more
considerable. Table 1 represents the comparison of the present work,
for the case of a perfect plate (i = 0), with the classical plate theory,
reported by Javaheri and Eslami [1], and the first-order shear
deformation theory, reported by Shariat and Eslami [13]. The aspect
ratio a/b is assumed to be 0.5. Figure 4 depicts the variation of AT,

Table 1 Buckling loads of a perfect FGP under in-plane loading vs side-to-thickness ratio, based on the
classical [1], the first-order [13], and the third-order theories

R b/h =10 b/h =20 b/h =40 b/h =60 b/h =80 b/h =100

0 CPT 267.48 33.435 4.1794 1.2383 0.5224 0.2675
FSDT 24341 32.628 4.1537 1.2349 0.5216 0.2672
TSDT 239.15 32472 4.1486 1.2343 0.5215 0.2672

1 CPT 213.99 26.748 3.3435 0.9907 0.4179 0.2140
FSDT 194.73 26.103 33230 0.9880 0.4173 0.2138
TSDT 191.32 25.978 33189 0.9879 0.4172 0.2137

-1 CPT 356.64 44580 5.5725 1.6511 0.6966 0.3566
FSDT 324.54 43.505 5.5383 1.6466 0.6955 0.3563
TSDT 318.86 43.296 5.5315 1.6457 0.6953 0.3562
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Fig. 6 Buckling temperature change of imperfect FGPs under uniform

temperature rise vs relative thickness, based on the third-order, the first

order [16], and the classical [15] plate theories.

vs the aspect ratio a/b, for the plate being subjected to two types of
thermal loading. The side-to-thickness ratio b/h and the
imperfection coefficient p are considered to be 20 and 0.25,
respectively. The plate buckles at the first mode for all aspect ratios.
The plate under temperature gradient in the thickness direction
buckles at higher temperature changes in comparison with uniform
temperature rise. It is observed from Fig. 5 that the plate under
temperature gradient across the thickness is more sensitive to initial
imperfections than the same plate under uniform temperature rise. It
is revealed that in both cases the thermal buckling loads increase by

the increase of imperfection size. Figure 6 shows the comparison of
the present work for the case of uniform temperature rise with the
previous studies, based on the FSDT [16] and the CPT [15]. It is
revealed that the transverse shear deformation has a large influence
on the determination of AT, especially for thick plates. Table 2
presents the results of buckling analysis of the plate under uniform
temperature rise using various theories. It is seen that the results of
the present work, based on the TSDT, are in good agreement with
those reported by Lanhe [4] based on the FSDT, and Javaheri and
Eslami [2] based on the CPT. It is inferred that for thick plates the
differences between the theories are more considerable. To obtain
acceptable results for thick functionally graded plates, it is necessary
to consider the lateral shear deformations, using the shear
deformation theories. Although the results of the TSDT and the
FSDT are close to each other, it is recommended that one uses the
TSDT for thick plates.

VI. Conclusions

In the present paper, equilibrium, stability, and compatibility
equations of imperfect functionally graded plates are derived.
Derivations are based on the third-order shear deformation theory
and the linear composition of the constituent materials. The buckling
analysis of such plates under different types of mechanical and
thermal loads is presented. The followings are concluded:

1) In the case of mechanical loads, the critical buckling mode
varies with respect to the load ratio R and/or the aspect ratio a/b. In
case of thermal loads, however, the plate buckles at the first mode for
all aspect ratios.

2) The classical plate theory overpredicts the critical buckling
loads, especially for thick plates.

3) Buckling loads of FGPs increase by the increase of imperfection
size.

4) For thick functionally graded plates, the third-order shear
deformation theory provides more precise buckling load values.

5) Critical buckling loads of FGPs generally decrease with the
increase of aspect ratio a/ b, and increase with the increase of relative
thickness i/b.

6) The plate under temperature variation across the plate thickness
buckles at higher temperature changes in comparison with the
uniform temperature rise.
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